A torsion pendulum with 2 soft degrees of freedom (DOFs), realized by off-axis cascading two torsion fibers, has been built and operated. This instrument helps characterize the geodesic motion of a test mass for LISA Pathfinder or any other free-fall space mission, providing information on cross talk and other effects that cannot be detected when monitoring a single DOF. We show that it is possible to simultaneously measure both the residual force and the residual torque acting on a quasifree test mass. As an example of the investigations that a double pendulum allows, we report the measurement of the force-to-torque cross talk, i.e., the amount of actuation signal, produced by applying a force on the suspended test mass, that leaks into the rotational DOF, detected by measuring the corresponding (unwanted) torque.
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A torsion pendulum with 2 soft degrees of freedom (DOFs), realized by off-axis cascading two torsion fibers, has been built and operated. This instrument helps characterize the geodesic motion of a test mass for LISA Pathfinder or any other free-fall space mission, providing information on cross talk and other effects that cannot be detected when monitoring a single DOF. We show that it is possible to simultaneously measure both the residual force and the residual torque acting on a quasifree test mass. As an example of the investigations that a double pendulum allows, we report the measurement of the force-to-torque cross talk, i.e., the amount of actuation signal, produced by applying a force on the suspended test mass, that leaks into the rotational DOF, detected by measuring the corresponding (unwanted) torque. Introduction.-Achieving geodesic motion is a key benchmark for the LISA-class [1], space based gravitational wave (GW) experiments. The possibility of measuring small, GW induced changes in the distance between the test masses (TMs) crucially depends on the quality of free fall of these masses, i.e., on the experimenter's ability to reduce all external sources of noise forces that might alter the free motion along geodesic lines. The space mission LISA Pathfinder (LPF) [2] , launched in 2015 and operational in early 2016, has as its top scientific goal the proof of a differential acceleration measurement between freefalling test masses, inside a single spacecraft, at the level of 30 fm s −2 Hz −1=2 at 1 mHz, a thousand times lower than previously achieved [3, 4] . Extensive ground-based testing was required on the proof mass and its read-out prior to launch, to investigate, mitigate, and fight all possible sources of noise (thermal, electric, magnetic, etc.) and coupling to the environment that might affect the apparatus. For this task, the torsion pendulum has been the instrument of choice for measuring small forces and torques: the suspension fiber, while balancing the vertical pull of gravity, exerts a very weak restoring torque. This is, still today, the best approximation to a free motion along one degree of freedom (DOF): the fiber rotation around its axis. Different kinds of pendulums have been devised and operated, where the quasifree mode is either the rotation along the TM axis [5, 6] or the motion along a large arc that approximates, for small angles, a linear translation [7] . A pendulum of the first kind is suitable for investigating residual torque, while the second is sensitive to force. These instruments have set important upper limits on surface forces and torques that could affect the geodesic motion of LISA TMs [8, 9] . The obvious limitation of these experiments lies in the single "soft" DOF available for testing, while the test mass in LPF will be free (or under feedback control) along all 6 DOFs. It is naturally desirable, for the purpose of better characterizing the behavior of a test mass in geodesic motion, to have an instrument that behaves as almost free along more than one degree of freedom. This would allow for the investigation of possible spurious couplings between motion on different DOFs, nondiagonal residual couplings between TM and read-out (the so called stiffnesses), read-out and actuation cross talk from one DOF to the other, and so on. Such tests are crucial for the drag-free operation [10] on LPF, where the TMs will move freely in the sensitive direction but will be under feedback control in the remaining five directions. In this Letter we report on the operation of a twofold torsion pendulum, named PETER [11] , designed to simulate on ground (down to a few millihertz) the free-fall condition on 2 DOFs in the very low frequency band of interest for space-born gravitational wave detectors. The apparatus was developed as a ground-testing facility for the characterization of the readout-actuation system of the LPF mission. Various in-flight activities for LPF and eLISA, like measurements of charge, dc electrostatic biases, and magnetic effects, will simultaneously introduce forces and torques on different axes that require simultaneous detection and calibration. Finally, the simultaneous measurement of forces and torques on a TM allows us to probe different length scales for the spatial distribution of effects like, for instance, stray electrostatic and thermal fluctuations, with torques arising in variations across a single TM face, while net forces will arise in variations between opposing TM faces. Other twofold pendulums have been developed [12, 13] , but with a different goal, mode, and frequency of operation; PETER is, to our knowledge, the first apparatus where quasifree-fall and residual forces on one TM can be measured for 2 different DOFs.
Instrument description.-We have developed a two-stage torsion pendulum where, by cascading two torsion fibers, we achieve soft motion along 2 DOFs: rotation along a vertical axis passing through the center of mass and translation along a horizontal direction. The apparatus was first developed and operated at the INFN laboratory in Florence and then transferred to the Gravitational Physics Laboratory in Naples, where we can exploit better environmental conditions and where the facility is now fully operative. We report here on the present results obtained with this apparatus, and on the first simultaneous measurements of residual force and torque on the test mass and of force-totorque cross-couplings. In this instrument, a cubic TM is suspended through a double stage system with two torsion fibers in cascade (see Fig. 1 ): the lower fiber allows this mass to be almost free in rotation around its symmetry vertical axis. The fiber hangs from the tip of one arm (of length d ¼ 15 cm) of a crossbar that is, in turn, suspended by an upper fiber that is secured to the vacuum enclosure, i.e., to the lab reference frame. Torsion of this upper fiber allows almost free motion of the suspended system, including the test mass, along an arc of a 30 cm diameter circumference: for small torsion angles and for all practical purposes, this can be considered a translational motion. Dummy loads hang, through rigid rods, from the three other arms of the crossbar, with a similar mass distribution, in order to minimize undesired quadrupole couplings. The complete dynamics of a double pendulum is complex and was detailed in a dedicated paper [14] . However, when only the 2 soft DOFs are considered, this dynamics can be reduced to a much simpler form, described by two coupled equations in the variables φ a , φ b describing the torsion angles of the upper (a ¼ above) and lower (b ¼ below) fibers:
where I j , k j , and γ j represent the moment of inertia, the elastic constant, and the dissipation factor of the jth pendulum (j ¼ a; b), and τ j , F j the external torque and force acting on each load mass. The crossbar inertia is actually modified:
by the presence of the test mass (see Ref. [14] for details). Equivalently, the dynamics can be described by two coordinates of the TM, directly measured by the read-out, i.e., its rotation angle φ around the z axis and the displacement along the x axis. These alternate variables are related to the two torsion angles by
The TM is a hollow Al cube with a 46 mm edge plus a shaft (81.5 mm long) that connects to the fiber and provides electrical insulation. The TM is enclosed in the gravitational reference sensor (GRS) [15] , a hollow metal box padded with 16 electrodes: 12 of these are arranged in six capacitive bridges, and permit us to monitor the motion of the TM along all of its translational and rotational DOFs. The same electrodes can be individually biased with control voltages in order to apply forces or torques. The GRS (we use the LPF engineering model) can be micropositioned in 5 degrees of freedom; additionally, the suspension point of the a fiber can be raised and rotated: this allows us to align the TM at the center of the GRS, and parallel to its walls. Transduction and actuation is operated by a read-out and control electronics unit, specially developed at ETH [16] . The apparatus is also equipped with two additional readouts-an autocollimator and an optical read-out system [17, 18] -to provide independent measurements of the test mass position along the 2 soft DOFs. Further details on the apparatus can be found in Refs. [19] [20] [21] . 
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Experimental results.-In Fig. 2 we report the measured spectrum of the 2 soft DOFs as measured by the GRS. According to Eq. (1) the φ spectrum shows two resonances associated with the two fibers, while x only shows the resonance peak associated with the upper fiber. We use the time series xðtÞ and φðtÞ and their derivatives to solve the equations of motion (1) and compute force and torque acting on the TM, as shown in Fig. 3 . Considering that a torque acting on the crossbar (τ a ) cannot be distinguished, in our assumption, from a force acting on the TM center of mass (F b d), we are actually assessing an upper limit to F b . In this way, we can assess upper limits on both force and torque simultaneously acting on our TM, down to a few millihertz. A few preliminary measurements were performed to calibrate the apparatus and to improve estimates of the parameters (like the moments of inertia) that are relevant for the characterization of the apparatus [e.g., for the correct integration of Eq. (1)]. This allowed us to obtain an absolute calibration of the applied force and torque that agrees, within 10%, with a simplified, infinite plate model of the GRS electrostatics. The model, taking into account the electrode geometry and the TM-GRS relative position, is derived from Ref.
[22], simplified with a series expansion to second order in the electrode capacitance derivatives. The agreement is within the uncertitude of the model, which deviates up to 20% from a finite element analysis of the GRS [23] .
As an example of how PETER can provide information relevant for the physics investigated by LPF, we describe here the measurement of cross talk (CT). We recall that the test mass will be in free fall along the x axis, while under feedback control on the remaining DOFs: an undue cross talk of these feedback signals into the x channel would spoil the quality of geodesic motion. We have run several investigations of the force to torque CT, with the TM in various off-center positions inside the GRS, by actuating with a sinusoidal force on the TM: we generate an ac bias with an amplitude that varies as V act ¼ V 0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi sinðω act tÞ p , applying it alternatively on each pair of electrodes. This produces a force (or torque, depending on the electrodes used)
where the C i represent the capacitances of the four x electrodes to the TM (see Fig. 1 ). The GRS is moved around the TM with motorized translation stages along the horizontal plane according to a regular ðx; yÞ pattern. For each grid point we collected data in stretches a few hours long and extracted, by coherent detection, the force (F) and the torque (τ) acting on the TM at the actuation frequency. The cross talk is defined as the ratio of applied force to the detected torque: i.e., CT F→τ ¼ τ=ðFδ x Þ, where the distance between the center of the x electrodes δ x ¼ 2.15 cm is the scale factor that converts the force into a torque. Using the model, this cross talk is given by
where h x ¼ 4 mm is the gap between the TM and the GRS along the x axis and C 0 is the value of the x electrode capacitance when the TM is centered in the GRS. PRL 116, 051104 (2016) P H Y S I C A L R E V I E W L E T T E R S week ending 5 FEBRUARY 2016 In Fig. 4 , we report, as an example, the results from one of the CT F→τ measurement runs and performed by moving the GRS along a spiral pattern in x and y, starting with the TM centered inside the GRS, for a total of 25 positions. The total measurement time is, in the case shown, 50 h. The experimental data are compared to the analytical model. These measured values proved to be quite repeatable from run to run; they lie on a regular surface that is well described by 2D second order equations that well match the model. The agreement between measured and expected values is quite good: the maximum observed disagreement between data and model predictions is 0.2% in CT on the entire science mode range of the GRS (AE200 μm). This agreement is unaffected by the previously mentioned systematics, which cancels out when the CT is computed as a ratio of the measured quantities. These tests thus confirm the model of the expected cross talk term, with an applied x force also producing a net torque when the TM is off center in either x or y with respect to the polarized electrodes.
Conclusions.-We reported on the first measurements from a twofold torsion pendulum designed to simulate on ground the free-fall condition on 2 DOFs in the very low frequency band (down to 10 −4 Hz) of interest for LPF and space-born GW detectors. Extension of this instrument concept to 3 soft DOFs (cascading two crossbars) is, in principle, straightforward [19] . We produced the first simultaneous measurement of both force and torque acting on the TM. This allows us to perform two-dimensional tests that cannot be achieved with a single stage torsion pendulum. As an example, we reported on measurements of force-to-torque actuation cross talk for the GRS. These data show that the measured CT is very close to expectations. In particular, the measured CT is below 0.1% when the TM is centered (in 6 DOFs) in the GRS. It is below 0.3% in a AE100 μm interval around the center, and below 0.8% in the whole high sensitivity range (AE200 μm). These measured CT values agree with the model predictions within 0.2%. These values are within the specifications for LPF. The apparatus is now in operation, completing the experimental characterization in 2 DOFs of the LISAPathfinder GRS. It will also serve as a test bench for verifying procedures during the mission operations. This new measurement technique will be useful for the ground testing of the future space gravitational wave detectors like eLISA and for other precision space and ground-based experiments. 
